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The aim of this work is to study the behaviour of solutions of the initial boundary problem
for degenerated nonlinear parabolic equations of the second order. The conditions of
existence and non-existence solutions are established. Moreover, the behaviour of the
solution is studied. We obtain the estimations in terms of characterizing the initial and
weight functions on infinity, without a lower bound on the initial function.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, the unbounded increasing solution of the nonlinear equation of parabolic type for a finite time is considered.
This type of equation describes the processes of electron and ionic heat conductivity in plasma and the diffusion of neurons
and α-particles. Investigations of the unbounded solution or regime of peaking solutions occur in the theory of nonlinear
equations.
In [1], the existence of an unbounded solution for finite time with a simple nonlinearity has been proved. In [2], it has
been shown that any nonnegative solution at a critical exponent is unbounded increasing for the finite time. Similar results
were obtained in [3], and the corresponding theorems are called Fujita–Hayakawa’s theorems. In [4], the existence and
non-existence of a global solution for nonlinear parabolic equations have been shown. More detailed reviews can be found
in [5–7]. We will obtain the estimations in terms of characterizing the initial and weight functions on infinity, without a
lower bound on the initial function. The paper is organized as follows. In Section 2, we give the main results on the blow-up
of solutions at some initial dates. In Section 3, we give estimates of the solution and obtain the characterizing of the initial
and weights functions on infinity without a lower bound on the initial function.
2. The existence and non-existence of solutions
Let us consider the equation
∂u
∂t
=
u
i,j=1
∂
∂xj

ω(x)
 ∂u∂xi
p−2 ∂u∂xi

+ f (x, t, u) . (1)
Let Ω ⊂ Rn be a bounded domain with non-smooth boundary. Denote Πa,b = {(x, t) : x ∈ Ω, a < t < b} ,Γa,b =
{(x, t) : x ∈ ∂Ω, a < t < b} ,Πa = Πa,∞,Γa = Γa,∞. The functions f (x, t, u) , ∂ f (x,t,u)∂u are continuous by u uniformly in
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Π0×{u : |u| ≤ M} at anyM <∞, f (x, t, 0) ≡ 0, ∂ f∂u |u=0 ≡ 0. In addition, the function f is measurable onwhole arguments
and does not decrease by u. Let us consider the Dirichlet boundary condition
u = 0, x ∈ ∂Ω, (2)
and the initial condition
u|t=0 = ϕ(x), (3)
in some domainΠ0,a, where ϕ(x) is a smooth function. Later, we will weak this condition.
Solutions of problem (1)–(3) either exist inΠ0 or
lim
t→T−0maxΩ
|u (x, t)| = +∞, (4)
at some T = const.
Assume that ω(x) is a weighted function from Makenkhoupt classes Ap (see [8]).
We introduce the Sobolev weight spaceW 1p ,W
1
p,ω (Ω), with finite norm
∥u∥W1p,ω(Ω) =

Ω
ω(x)
|u|p + |∇u|p dx1/p .
We will call the generalized solution of problem (1)–(3) inΠ0,a′ the function u (x, t) ∈ W 1p,ω

Πa,b

, such that
Πa,b
ψ
∂u
∂t
dxdt +
n
i,j=1

Πa,b
ω(x)
 ∂u∂xi
p−2 ∂u∂xi ∂ψ∂xj dxdt =

Πa,b
f (x, t, u) ψ (x, t) dxdt, (5)
where ψ (x, t) is an arbitrary function fromW 1p,ω

Πa,b

and ψ |Γa,b = 0, where 0 < a < b are any numbers.
Let us formulate some auxiliary results from [9–12]. For this we will determine the p-harmonic operator Lpu =
div
|∇u|p−2 ∇u , p > 1.
Lemma 1 ([9–11]). There exists a positive eigenvalue of the spectral problem for operator Lp, for which there exists a positive in
Ω eigenfunction.
Lemma 2 ([12]). Let u, v ∈ W 1p (Ω) , u ≤ v on ∂Ω and
Ω
Lp(u)ηxidx ≤

Ω
Lp (ϑ) ηxidx,
for any η ∈ W˚ 1p (Ω) with η ≥ 0. Then u ≤ ϑ on all domainΩ .
Let u0(x) > 0 be an eigenfunction of the spectral problem for the operator Lp corresponding to λ = λ1 > 0,
Ω
u0(x)dx = 1.
Let us assume that the condition
I =

Ω
ω(x)
 ∂u∂xi
p−2 ∂u∂xi −
∂u0∂xi
p−2 ∂u0∂xi

∂ (u0ω)
∂xi
dx ≥ 0 (∗)
is fulfilled.
Theorem 1. Let f (x, t, u) ≥ α0 |u|σ−1 u at (x, t) ∈ Π0, u ≥ 0, where σ = const > 1, α0 = const > 0. There exists
k = const > 0 such that, if u (x, 0) ≥ 0, 
Ω
u (x, 0) u0(x)dx ≥ k, and condition (∗) is fulfilled, then
lim
t→T−0maxΩ (ω(x)u0(x)u (x, t)) = ∞,
where T = const > 0.
This theorem is proved in a similar way to the proof used in [13].
So Eq. (1) does not have solutions satisfying the boundary condition (2) if u (x, 0) ≥ 0 is not very small. Now, we will
show that, for small |u (x, 0)|, a solution of problem (1), (2) exists on the whole domainΠ0.
Theorem 2. We will assume that |f (x, t, u)| ≤ (C3 + C4tm) |u|σ , σ > 1,m > 1. There exists δ > 0 such that, if |ϕ(x)| ≤ δ,
then a solution of problem (1), (3) exists inΠ0 and |u (x, t)| ≤ C5e−α,t , α = const > 0 does not depend at n.
This theorem is proved in a similar way to the proof used in [13].
T.S. Gadjiev, R.A. Rasulov / Applied Mathematics Letters 25 (2012) 1535–1538 1537
3. The estimation of solutions
Wewill obtain the estimations for solutions of problem (1)–(3) when f (x, t, u) = 0 in terms of characterizing the initial
and weight functions on infinity, without a lower bound on the initial function.
Assume that ϕ(x) ∈ L1 (Ω). Denote n (p− 1− µ)+p by k, and let r > 0 be a fixed number. Let us consider the following
initial characteristics for u (x, t) and ϕ(x):
ϕr(t) = sup
τ∈(0,t)
sup
ρ≥r

ω

Bρ

ρn+p
1/(p−2)
· ∥u (x, τ )∥L∞(Bρ) ,
| ∥u (x, τ )∥ |r = sup
ρ≥r
ρ−k/(p−2)

ω

Bρ

ρn·µ
1/(p−2) 
Bρ
u (x, τ ) dx,
| ∥u (x, 0)∥ |r = ∥ϕ∥r .
Let us rewrite the definition of the generalized solution (5) in the following form:
Ω
u (x, t) ψ (x, t) dx+
 t
0

Ω

−uψt + ω
 ∂u∂xi
p−2 ∂u∂xi ∂ψ∂xj dxdt

=

Ω
ϕ(x)ψ (x, 0) dx, ∀ o < t < T . (6)
Lemma 3. Assume that u (x, t) ∈ W 1p,ω

Πa,b

is a generalized solution of problem (1)–(3)with initial function ϕ(x) ∈ C∞0 (Ω).
Then the following estimation is true:
|u (x, t)| ≤ C9 [β (t)](n+p−n(µ−1))/λ

ρnµ
ω

Bρ
n/λ  t
t/ϕ

B2ρ
updxdt
(p−n(µ−1))
, (7)
for ∀ o < t < T , where β(t) = t−n(p−2)/k · ϕp−2r (t)+ t−1,
λ = n (2p− 2− pµ)+ p2.
Applying an inequality from [8] and performing some transformations as in [14,15] we will prove Lemma 3.
Denote η(t) = supτ∈(0,t) ηr (τ ) = supτ∈(0,t) | ∥u (x, τ )∥ |r .
Lemma 4. Let us assume that u (x, t) ∈ W 1p,ω

Πa,b

is a generalized solution of problem (1)–(3), with initial function ϕ(x) ∈
C∞0 (Ω). Then the estimations
ϕr(t) ≤ C14
 t
0
τ−n(p−2)/kϕp−1r (τ ) dτ + C15 [η(t)](p−n(µ−1))/k , (8)
η(t) ≤ C16 | ∥ϕ∥ |r + C17
 t
0
τ (p−n(µ−1)/pα)−1 (ϕr (τ ))(p−2/p) η (τ) dτ+
+
 t
0
τ ((p+1/pα)(p−n(µ−1)−1)) (ϕr (τ ))(p−2(p+1)/k) η (τ) dτ

(9)
are true.
Lemma 4 is proved in a similar was as Lemma 3.
Theorem 3. Let u (x, t) ∈ W 1p,ω

Πa,b

be a generalized solution of problem (1)–(3), and let | ∥ϕ∥ |r < ∞, with fixed r > 0.
Then
| ∥ϕ∥ |r < C29t1/(p−2), (10)
| ∥u (x, t)∥ |r < C30t1/(p−2), (11)
sup
Bρ
|u (x, t)| ≤ C31tp(n+1)−n(µ+1)/k(p−2)ρn+p · ω−1

Bρ

. (12)
Proof. The proof of theorem follows from Lemma 4 using the method given in [13]. Thus for obtaining estimations (11),
(12), the estimations are first obtained as
| ∥u (x, t)∥ |r < C32 | ∥ϕ∥ |r ,
sup
Bs
|u (x, t)| ≤ C33 | ∥ϕ∥ |(ρ−n(µ−1))/kr ρn+p · ω−1

Bρ

t−n/k. (13)
Using these estimations, we then obtain estimations (11), (12). 
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Corollary. In Theorem 3, let ω(x) = |x|θ , 0 < θ < p.
sup
Bρ
|u (x, t)| ≤ C34

sup
ρ≥r
ρ−β/(p−2)

Bρ
ϕ(x)dx
(p−θ)/β
· ρ(p−θ)/(p−2) · t−n/β , (14)
where β = n (p− 2)+ p− θ .
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